Abstract-High resolution spectroscopy of the hydrogen atom takes on particular importance in the new SI, as it allows to accurately determine fundamental constants, such as the Rydberg constant and the proton charge radius. Recently, the second most precisely measured transition frequency in hydrogen, 1S − 3S, was obtained in our group. In the context of the Proton Radius Puzzle, this result calls for further investigation.
I. INTRODUCTION A. Determining R ∞ and r p
As the simplest atomic system, the hydrogen atom can be described with great accuracy by the theory of Quantum Electrodynamics (QED). More precisely, the fine structure of its energy levels can be calculated as a function of a reduced number of fundamental constants as:
(1) where R ∞ is the Rydberg constant, α the fine structure constant, m e /m p and m e /m µ the electron-to-proton and electronto-muon mass ratios and r 2 p the second moment of the charge distribution of the proton. At first order, the nuclear size contribution is, for S states, C N S = . Assuming QED to be correct, values of those fundamental constants can be deduced from the comparison between the theory and high resolution spectroscopy measurements. As α and the mass ratios can be measured by other means with a sufficient accuracy, only the determination of R ∞ and r p is actually critically dependent from such a comparison. In practice, two transition frequencies are thus needed to jointly extract values of these two constants.
Reversely, assessing the consistency of the different values of R ∞ and r p obtained from the spectroscopy of different transitions therefore provides a test of QED.
B. The Proton Radius Puzzle
A disagreement among determinations of the proton radius r p was first noticed in 2010 [1] , [2] . The CREMA collaboration, then achieving the laser spectroscopy of muonic hydrogen, measured a value of r p that was ten times more precise, but also 4 % smaller than the previously accepted value ( Figure  1 ). The corresponding discrepancy is 5.6σ, as compared to the CODATA-2014 recommended value, which aggregates all precise former measurements in hydrogen spectroscopy and electron-to-proton scattering [3] .
This disagreement, also known as the Proton Radius Puzzle, has since then stimulated an intense research activity [4] . Recently, two hydrogen spectroscopy results have notably been published: the 2S −4P transition frequency, measured at MPQ [5] , and the 1S − 3S transition frequency that we measured at LKB [6] . When combined with the precisely measured 1S − 2S transition frequency [7] , the first one yields a value of the proton radius in agreement with the muonic hydrogen value, whereas the second one is consistent with the CODATA-2014 value. As the disagreement persists, the hypothesis of an unsuspected systematic effect having affected hydrogen spectroscopy measurements cannot be discarded.
C. Spectroscopy of the 1S − 3S transition
The 1S − 3S transition frequency of the hydrogen atom has been measured in our group since the late nineties [8] , [9] . It is now the second most precisely studied transition in hydrogen, after the 1S − 2S transition. Forbidden as a dipolar electric transition, it can be excited by two counter-propagating photons, therefore without Doppler broadening. This allows us to almost access the natural linewidth of the transition, Γ ≈ 1 MHz, and to determine its frequency with an uncertainty of a few kHz (below 10 −12 in relative uncertainty). Should the Proton Radius Puzzle be reformulated as the search for a potential systematic effect, the spectroscopy of the 1S −3S transition is to play a crucial role in this search, as the only ongoing experiment in agreement with the formerly obtained values of R ∞ and r p . In this regard, after a brief review of the principle of our experiment, we will present in what follows the current status of our work. Figure 2 displays a schematic overview of the experiment conducted in Paris. An effusive beam of atomic hydrogen is produced at room temperature by a radiofrequency (RF) discharge and directed, through a nozzle, colinearly with a laser beam at 205 nm. Propagating in a Fabry-Perot cavity under vacuum, this laser beam undergoes a frequency scan, performed by an acousto-optic modulator (AOM), in order to excite the 1S
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1/2 transition of the atoms. The resonance is then observed by collecting, in a photomultiplier(PM), the photons at 656 nm emitted by the fluorescence from the 3S level to the 2P level. Figure 4 shows an example of the recorded signal.
The laser beam at 205 nm is obtained by sum frequency generation in a BBO cristal, between a TiSa laser at 894 nm and a frequency-doubled Verdi laser at 532 nm. This unique scheme provides between 10 and 15 mW of cw light at 205 nm [10] . The frequency stability of those lasers is ensured by successive locks to stable Fabry-Perot cavities (FP) and to a two-photon transition of Rubidium [11] . This locking scheme feeds a double-pass AOM which provides an additional phase stabilization to the 532-nm laser beam.
An optical frequency comb is used to measure the frequencies of the two laser sources at 532 nm and 894 nm. It is referenced to a hydrogen maser, whose frequency is continuously monitored relatively to the Cs clock at the LNE-SYRTE, Observatoire de Paris [12] . A frequency-doubled Nd:YAG laser emitting both at 1064 and 532 nm (Prometheus) is used as a transfer laser between our 532-nm laser source and the frequency comb, optimized in the infrared range.
B. Systematic effects
Although cancelled at first order, thanks to the counterpropagating configuration, the Doppler shift on the measured transition frequency is at second order not negligible:
with v the atomic velocity and ν L the laser frequency. It is our main systematic effect: for hydrogen atoms with an average velocity of 3 km/s, the second-order Doppler shift (SOD) amounts to about -135 kHz, that is eighty times larger than the currently-achieved uncertainty. It is corrected from our experimental spectra by fitting them with a theoretical lineshape, which is integrated over the velocity distribution of our atomic beam. Section (3) describes this process. Two other smaller effects, a light shift and a pressure shift, are corrected by experimental extrapolation to respectively zero laser power and zero hydrogen pressure. They typically amount to less than 10 kHz. Eventually, the measured transition frequency is corrected so as to relate to the French mise en pratique of the second.
III. SECOND-ORDER DOPPLER SHIFT
A. Motional Stark shift method
The correction of the SOD requires the determination of the atomic velocity distribution within our hydrogen beam. To this end, we apply a magnetic field B perpendicular to the direction of the beam [13] , [14] . The motional electric field perceived by the atoms induces a quadratic Stark effect, that shifts their energy levels depending on their velocity v:
This shift is magnified at the vicinity of an anticrossing between energy levels coupled by the Stark effect. The Zeeman effect leads to such an anticrossing, between the 3S The variation of this motional Stark shift with the applied magnetic field carries information on the velocity of the atoms. It is thus possible to adjust the parameters of a theoretical velocity distribution, by fitting experimental spectra obtained at different B values.
B. Theoretical lineshape
The theoretical lineshape, with which the experimental spectra are fitted, is classically obtained by calculating the fluorescence probability of the hydrogen atom as a function of the laser frequency ν L = ω L /2π [18] . The hydrogen atom is here considered as having a velocity v in the laboratory frame, experiencing an homogeneous magnetic field B perpendicular to v. It can be described by its density matrix, that verifies the Optical Bloch Equation:
The considered hamiltonian can be decomposed as a sum of four terms. First,Ĥ 0 describes the fine and hyperfine structure of the unperturbed atom, as a function of the unknown 1S−3S centroid transition frequency ν 1S−3S . Second, the motional Stark effect is accounted for byĤ S = −q r · ( v × B) where r is the position operator and q the charge of the electron. Third, Zeeman and diamagnetic effects are described by:
where µ is the reduced mass of the atomic system, and g s and g N are the Landé g-factor of the bound electron and of Encircled is the anti-crossing of which the motional Stark shift method takes advantage. Conservation of angular momentum implies that the transitions driven by two counter-propagating photons couple states of same (F, m F ). The (F = 1, m F = 0) subtransition is sensitive to the Zeeman effect: the measurement of its frequency allows to calibrate the value of the applied B field [15] . The (F = 1, m F = ±1) subtransitions (double arrows) are at first order not Zeeman-shifted. Because of their natural linewidth, they cannot be resolved. They are the ones we measure to determine the atomic velocity distribution.
the proton. With respect to the free electron g-factor g e , a relativistic correction is applied, depending on the principal quantum number n of the involved state: g s = g e (1−α 2 /3n 2 ) [16] . And fourth, the two-photon transition hamiltonian is, in the rotating wave approximation and taking into account the SOD:
c 2 )t |g e| (6) where |g and |e are the ground and excited states of the atom between which the two-photon selection rule is verified (∆F = 0, ∆m F = 0). The two-photon Rabi frequency can be expressed in the dipole approximation as [17] :
where E and ǫ are the amplitude and polarization of the laser field. In our case, ǫ is colinear to the direction of the applied magnetic field, taken as our quantization axis. ω kg denotes the angular transition frequency between the levels |g and |k . We will consider Ω to be independent of ω L , in the absence of energy levels at resonance with the laser frequency.
In our case, we are only interested in calculating the density matrix coefficients corresponding to energy levels of principal quantum number n = 3. With this restriction, the relaxation due to spontaneous emission, as described by the Lindblad operator, becomes:
with Γ i the decay rate of the level |i . In the rotating wave approximation, equation (4) yields a system of equations with time-independent coefficients, that can be directly solved in the stationary regime.
Once the stationary state of the atom is known, and neglecting in first approximation quantum interference effects, the fluorescence probability per steradian and per unit of time can be calculated as:
Here, i and f denote the initial and final states between which radiative decay can occur and which lead to the emission of a photon with a wavelength and a polarization ǫ detectable by our apparatus. Again in first approximation, we will only consider here the photons emitted along the axis of our photomultiplier. These approximations are further discussed below. Eventually, this fluorescence is convoluted with a function describing an additional broadening, and integrated over the velocity distribution. A 1/v factor accounts for the lower excitation probability of the atoms experiencing a smaller interaction time with the laser beam:
A global treatment of the line broadening is performed by employing an ad-hoc expression for the broadening function F Γ . Following ref. [19] , finite transit time induces a doubleexponential shaped broadening, while collisional processes are essentially described by a lorentzian shape. As the latter accurately fits the broadening we experimentally observe, it is the one we used in our analysis. A more general function, such as a Voigt or pseudo-Voigt function, can as well be chosen, so as to treat in a less model-dependent manner potential sources of broadening. It was verified that such a choice does not change the final result by more than 100 Hz, and that the gaussian component of the best fitting pseudo-Voigt function (sum of a gaussian and a lorentzian profile) is at most 10 %.
C. Quantum interference effect
A more complete calculation of the fluorescence probability involves interference terms, that induce an asymmetry of the lineshape, depending on the angle of emission of the fluorescence photon [20] , [21] . In the case of the 1S − 3S transition, this effect is weak: integrated over our detection geometry, at zero magnetic field, it amounts to 0.6 kHz [22] . It is thus simply included in our theoretical lineshape by shifting the considered value of ν 1S−3S by +0.6(2) kHz.
D. Fit of a theoretical velocity distribution
The atomic velocity distribution of the hydrogen beam can be modeled as a thermal effusive beam, with correction factors accounting for collisional processes [23] . A function P , parameterized with the adequate Knudsen number, detailed in [24] , describes the effect of interactions occuring within the nozzle, while an exponential decay is used to model an additional depletion of slow atoms [25] :
Such correction factors improve the characterization of the velocity distribution, reducing by 3 to 6 % the χ 2 of the fit to all experimental data. Nevertheless, the parameter values of these correction factors have a limited influence on the final result. For instance, in order to see a variation of 1 kHz of ν 1S−3S fitted using f σ,v0 , a variation of the value of v 0 by 8 % would be required, and of the Knudsen number by more than an order of magnitude, while σ would need to vary by 0.5 %.
To determine the values of σ and v 0 , all experimental spectra are fitted with a function yield its corresponding value of ν 1S−3S . The uncertainty on ν 1S−3S is evaluated in the same manner as for σ or v 0 .
IV. DATA ANALYSIS
A. Data sets
Two measurement campaigns have been conducted, in 2013 and 2016-2017. More than 2700 experimental spectra of the 1S − 3S, F = 1 transition have been acquired, each one corresponding to a typical integration time of 10 s per frequency point. Details on these recordings can be found in [6] , [26] . They were performed for various values of hydrogen pressure, laser power and applied magnetic field, in order to evaluate the aforementioned systematic effects.
The motional Stark shift method was carried out for four different subsets of spectra. Those subsets, thereafter denoted by a,b,c and d, were respectively recorded in 2013 at P = 7.5 × 10 in 2013 at higher pressure values: they were fitted using the velocity distribution parameters of the subset (a), while including in quadrature an additional uncertainty, corresponding to the variability between the four velocity distribution determinations. This added uncertainty entails a correlation between the 2013 and the 2016-2017 data sets, which corresponds to a covariance of 2.6 kHz 2 . All our frequency measurements are performed with reference to a hydrogen maser, at LNE-SYRTE, which shows a relative daily drift of the order of 10 −16 as compared to the Cs clock realizing the SI second [27] . This drift was modeled and corrected for each subset of spectra. Figure 4 shows the average of the spectra from subset (c) at two different magnetic fields, fitted by our theoretical lineshape. No variability of the experimental lineshape, and notably of its broadening, appears when comparing spectra to their average. Besides, examination of the residuals reveals no identifiable pattern, over all magnetic fields and subsets of spectra. This supports the use of our theoretical lineshape, first to fit the parameters of the theoretical velocity distribution onto the velocity-dependent B-induced frequency shift shown on Figure 5 ; and second to fit all recorded spectra and extract values of ν 1S−3S , as illustrated Figure 6 .
Performing a separate analysis for the aforementioned subsets of spectra allows us to assess, within our uncertainties, the consistency of our outcome and the absence of noticeable drift of our measurements. That these subsets of spectra were recorded at different hydrogen pressure values moreover substantiates the choice of a pressure-independent theoretical velocity distribution (Figure 7) .
B. Light and pressure shifts
The light shift (LS) and pressure shift (PS) corrections were evaluated independently for the 2013 and the 2016-2017 campaigns. As an illustration, Table 1 summerizes the average corrections applied for each of the four subsets of spectra previously mentioned. Figure 8 presents the extrapolation achieved for the 2016-2017 campaign.
First, considering a set of spectra obtained at a given pressure, a linear regression was performed on the values ν 1S−3S as a function of an indicator of the light intensity inside the build-up cavity. Two such indicators could be used: the potential difference of the photodiode monitoring the UV power transmitted by the build-up cavity, and the square root of the fluorescence signal height at resonance.
The former has the drawback of being more sensitive to the realignment of the optical cavity. Besides, the photodiode tends to be damaged by the UV light, and it can be required to interface it by a fluorescent medium (in our case, a fluorescein solution). The latter needs to be corrected at non-zero magnetic field, since certain sub-transitions can contribute less to the signal, being Zeeman shifted or Stark broadened. It must also be reevaluated for data sets corresponding to different hydrogen pressure.
As both indicators yielded congruent results, the most precise one was retained for each data set. For the 2013 campaign for instance, the average light shift correction was determined to be δ LS = −5.9(1.2) kHz using the transmitted power, and −5.9(1.6) kHz using the square root of the signal height.
Once corrected from the light shift, all spectra corresponding to a given hydrogen pressure were then averaged, and a linear regression was performed with respect to the pressure. The hydrogen pressure was monitored by an ionization gauge placed aside the interaction region, only providing a relative measurement. As the gauge was replaced in 2014, no precise comparison could be done between the pressure measurements performed in 2013 and those performed in 2016-2017. Without hydrogen, the background pressure in the vacuum chamber was 2 × 10 −6 mbar.
C. Investigation on systematic effects
Several other systematic effects have been investigated, that appeared to be negligible. Stray electromagnetic fields, in particular, were considered. Compensation coils were placed around the atom-laser interaction chamber. Moreover, the absence of a noticeable residual Zeeman effect was evaluated by frequently reversing the current direction in the coils producing the transverse B field, and by verifying that no shift was thus induced.
A possible residual Stark effect was also studied. The amplitude of the stray electric field that would be required to shift by at most 400 Hz the apparent transition frequency is 10 mV/cm [28] . Particular care has been taken to avoid such an electric field in the atom-laser interaction chamber, covered with aquadag paint. Furthermore, for the considered energy levels of hydrogen, blackbody radiation shifts are negligible [29] .
Other effects were examined, that could have affected the velocity distribution determination. Notably, the gaussian geometry of the laser beam in the Fabry-Perot cavity causes the probability of detection of a fluorescence photon to depend on the velocity of the atom that emitted it. Indeed, faster atoms can de-excite in the detection region while having been excited further away from it, where the laser intensity is weaker. This effect has been simulated and included in our theoretical lineshape; it amounts to less than 1 Hz [30] . Eventually, a background noise is detected by the photomultiplier: mostly due to UV-induced fluorescence within the detection chamber and optics, it shows no dependency with respect to the UV frequency. Scanned over a large frequency range of 11 MHz, the transition exhibits a flat tail; when fitted with the theoretical lineshape, it yields the very same result than scanned over a smaller range.
It is also worth noting that, despite the changes in the experimental setup operated in between, the 2013 and the 2016-2017 measurement campaigns are in very good agreement. This seems to suggest that the frequency measurement scheme, in particular, does not conceal under-estimated systematic effects. Indeed, the frequency comb was back then replaced, the purposedly redundant frequency counting setup was rearranged, the transfer laser between 1064 and 532 nm was installed, and the double-pass AOM for phase stabilization was implemented. 
D. Results
The results of the 2013 and the 2016-2017 campaigns agree to within 1 kHz. We calculate their weighted average, caracterizing their correlation with the covariance mentioned above. In order to obtain the centroid frequency of the 1S −3S transition, a hyperfine correction of +341 949.077(3) kHz is applied, derived from measurements of the 1S and 2S hyperfine splittings [31] . The resulting value is:
ν 1S−3S = 2 922 743 278 671.5(2.6) kHz (12) The values of the Rydberg constant and the proton radius that can be derived by combining this result with the 1S − 2S transition frequency [7] are: As already mentioned, they are in very good agreement with the CODATA-2014 values, and disagree by 2.8σ with those deduced from muonic hydrogen spectroscopy. Although not statistically significant, this disagreement impels us to continue investigating possible systematic effects.
V. ONGOING WORK Our current efforts aim at remeasuring the 1S−3S transition frequency once more, under different experimental conditions. More precisely, in order to both reduce our main systematic effect and cross-check the SOD correction method with a different velocity distribution, we are currently proceeding to the cooling of our atomic beam. By passing through an Aluminum-made nozzle cooled down by liquid nitrogen, the hydrogen atoms experience a SOD shift reduced by 50 to 60%. Preliminary results are shown on Figure 9 .
Furthermore, our experimental setup allows for the spectroscopy of the 1S − 3S transition in deuterium. As a heavier atom, deuterium has the advantage of being less sensitive to the SOD effect than hydrogen. The frequency metrology of this transition, which has never been done, is all the more interesting as the spectroscopy of muonic deuterium also revealed a discrepancy among the determinations of the deuteron charge radius [32] . We first observed this transition in 2016; further measurements are underway.
Thereafter, in order to investigate possible systematic effects related to the configuration of our hydrogen beam, an entirely new effusive beam is to be build, pumped by an oil-free vacuum system.
CONCLUSION
The 1S − 3S transition frequency of the hydrogen atom has been measured in our group with a relative uncertainty of 9 × 10 −13 . This result, combined with the 1S − 2S transition frequency, yields values of the Rydberg constant and the proton charge radius that are in good agreement with the current CODATA-recommended values. These latter, however, disagree with other recent results, from both hydrogen and muonic hydrogen spectroscopy. Investigations are therefore ongoing to understand possible sources of this disagreement.
